A galaxy is modeled as a stationary axially symmetric pressure-free fluid in general relativity. For the weak gravitational fields under consideration, the field equations and the equations of motion ultimately lead to one linear and one nonlinear equation relating the angular velocity to the fluid density. It is shown that the rotation curves for the Milky Way, NGC 3031, NGC 3198 and NGC 7331 are consistent with the mass density distributions of the visible matter concentrated in flattened disks. Thus the need for a massive halo of exotic dark matter is removed. For these galaxies we determine the mass density for the luminous threshold as 10 −21.75 kg·m −3 .
Introduction
The problem of accounting for the observed essentially flat galactic rotation curves has been a central issue in astrophysics. There has been much speculation over the question of the nature of the dark matter that is believed to be required for the consistency of the observations with Newtonian gravitational theory. Clearly the issue is of paramount importance given that the dark matter is said to constitute the dominant constituent of a galactic mass [1] . The dark matter enigma has served as a spur for particle theorists to devise acceptable candidates for its constitution. While physicists and astrophysicists have pondered over the issue, other researchers have devised new theories of gravity to account for the observations (see for example [3] ). However the latter approaches, imaginative as they may be, have met with understandable skepticism, having been devised solely for the purpose of the task at hand. General relativity remains the preferred theory of gravity with Newtonian theory as its limit. General relativity has been successful in every test that it has encountered, going beyond Newtonian theory where required.
It is understandable that the conventional gravity approach has focused upon Newtonian theory in the study of galactic dynamics as the galactic field is weak (apart from the deep core regions where black holes are said to reside) and the motions are nonrelativistic (v ≪ c). It was this approach that led to the inconsistency between the theoretical Newtonian-based predictions and the observations of the visible sources. To reconcile the theory with the observations, researchers subsequently concluded that dark matter must be present around galaxies in vast massive halos that constitute the great bulk of the galactic masses 1 . However, in dismissing general relativity in favor of Newtonian gravitational theory for the study of galactic dynamics, insufficient attention has been paid to the fact that the stars that compose the galaxies are essentially in motion under gravity alone ("gravitationally bound"). It has been known since the time of Ed-dington that the gravitationally bound problem in general relativity is an intrinsically non-linear problem even when the conditions are such that the field is weak and the motions are non-relativistic, at least in the time-dependent case. Most significantly, we have found that under these conditions, the general relativistic analysis of the problem is also non-linear for the stationary (non-time-dependent) case at hand. Thus the intrinsically linear Newtonian-based approach used to this point has been inadequate for the description of the galactic dynamics and Einstein's general relativity should be brought into the analysis within the framework of established gravitational theory 2 . This is an essential departure from conventional thinking on the subject and it leads to major consequences as we discuss in what follows. We will demonstrate that via general relativity, the generating potentials producing the observed flattened galactic rotation curves are necessarily linked to the mass density distributions of the flattened disks, obviating any necessity for dark matter halos in the total galactic composition. We will also present the indicator that the threshold for luminosity occurs at a density of 10 −21.75 kg·m −3 .
The Model Galaxy
Within the context of Newtonian theory, Mestel [2] considered a special rotating disk with surface density inversely proportional to radius. Using a disk potential with Bessel functions that we will also use in what follows but in quite a different manner, he found that it leads to an absolutely flat galactic rotation velocity curve. 3 Interestingly, the gradient of the potential in this, as in all Newtonian treatments, relates to acceleration whereas in the general relativistic treatment, we will show that the gradient of a "generating potential" gives the tangential velocity (15).
To model a galaxy in its simplest form in terms of its essential characteristics, we consider a uniformly rotating fluid without pressure and symmetric about its axis of rotation. We do so within the context of general relativity. The stationary axially symmetric metric can be described in generality in the form
where u, ν, w and N are functions of cylindrical polar coordinates r, z. It is easy to show that to the order required, u can be taken to be unity. It is most simple to work in the frame that is co-moving with the matter
where U i is the 4-velocity 4 . This was done in the pioneering paper by van Stockum [6] who set w = 0 from the outset 5 . As in [7] , we perform a purely local (r, z held fixed)
that locally diagonalizes the metric. In this manner, we are able to deduce the local 3 This is also the case for the MOND [3] model. 4 This is reminiscent of the standard approach that is followed for FRW cosmologies. However, the FRW spacetimes are homogeneous and they are not stationary 5 Interestingly, the geodesic equations imply that w = constant (which can be taken to be zero as in [6] ) even for the exact Einstein field equations as studied in [6] (see (8) and (9)). 
with the approximate value applicable for the weak fields under consideration. The
Einstein field equations to order G are
where G is the gravitational constant and ρ is the mass density. Subscripts denote partial differentiation with respect to the indicated variable. These equations are easily combined to yield
where
and ν would be determined by quadratures. Since the pressure-free fluid elements must satisfy the geodesic equation as their equation of motion
we find using (1) and (2) that
and hence
within the fluid 7 . It is to be noted that it is the freely gravitating motion of the source material (the stars) in conjunction with the choice of co-moving coordinates (2) that leads to the constancy of w within the source. Had there been pressure, w would have been variable 8 . With this freely gravitating constraint, the interior field equations for N and ρ are reduced to
Note that from both the field equation for ρ and the expression for ω that N is of order
The non-linearity of the galactic dynamical problem is manifest through the nonlinear relation 9 between the functions ρ and N. Rotation under freely gravitating motion is the key here. By contrast, for time-independence in the non-rotating problem, there must be pressure present to maintain a static configuration, N vanishes for vanishing ω 7 Normally, the fall-off of w with R ≡ √ r 2 + z 2 is used to derive the total mass of an isolated system. However, w is constant in this system of coordinates by (9) and we cannot do so here. The w constancy does not imply that that the mass is zero. In other (non-co-moving) coordinate systems, w would be seen to be variable. With the field being weak and the system being non-relativistic, the mass is wellapproximated simply by the integral of ρ over coordinate volume. Moreover, we will choose solutions that are free of singularities and hence free of the ambiguities present in [7] .
8 Even in freely gravitating motion, w would have been variable had we opted for non-co-moving coordinates.
9 While we have eliminated w using (8) to get (12) by choice of co-moving coordinates, N cannot be eliminated and hence non-linearity is intrinsic to the study of the galactic dynamics. Interestingly, (11) can be expressed as
and hence flat-space harmonic functions Φ are the generators of the axially symmetric stationary pressure-free weak fields that we seek 10 . Using (4) and (14), we have the expression for the tangential velocity of the distribution
Modeling the Observed Galactic Rotation Curves
Since the field equation for ρ is non-linear, the simpler way to proceed in galactic modeling is to first find the required generating potential Φ and from this, derive an appropriate function N for the galaxy that is being analyzed. With N found, (12) yields the density distribution. If this is in accord with observations, the efficacy of the approach is established. Every galaxy is different and each requires its own composing elements to build the generating potential. In cylindrical polar coordinates, separation of variables 10 In fact Winicour [5] has shown that all such sources, even when the fields are strong, are generated by such flat-space harmonic functions. 
where J 0 is the Bessel function n = 0 of Bessel J n (kr) and C is an arbitrary constant. 11 We use the linearity of (13) to express the general solution of this form as a linear
with n chosen appropriately for the desired level of accuracy. From (17) and (4), the tangential velocity 12 is
With the k n chosen so that the J 0 (k n r) terms are orthogonal 13 to each other, we have found that only 10 functions with parameters C n , n ∈ {1 . . . 10} suffice to provide an excellent fit 14 to the velocity curve for the Milky Way. The details are provided in 1 0 J 0 (k n r)J 0 (k m r)rdr ∝ δ mn where k n are the zeros of J 0 at the limits of integration. This orthogonality condition is on Φ rather than on V because the differential equation dictates the integral condition.
14 It should be noted that unlike typical velocity curve fits that allow arbitrary velocity functions, our curve fits are constrained by the demand that they be created from derivatives of harmonic functions.
the Appendix and the curve fit is shown in Figure 1. 15 From (15) and (18), the N function is determined in detail and from (12) , the density distribution. This is shown in Figure 2 as a function of r at z = 0 as well as a function of z at r = 0.001 Kpc.
We see that the distribution is a flattened disk with good correlation with the observed density data for the Milky Way. The integrated mass is found to be 21 × 10 10 M ⊙ which is at the lower end of the estimated mass range of 20 × 10 10 M ⊙ to 60 × 10 10 M ⊙ as established by various researchers. It is to be noted that the approximation scheme would break down in the region of the galactic core should the core harbor a black hole or even a naked singularity (see e.g. [12] ). Most significantly, our correlation of the flat velocity curve is achieved with disk mass of an order of magnitude smaller than the envisaged halo mass of exotic dark matter. (See e.g. [13] for proposed values of extended halo masses.) General relativity does not distinguish between the luminous and non-luminous contributions. The ρ density distribution deduced is derived from the totality of the two. Any substantial amount of non-luminous matter would necessarily lie in the flattened region close to z = 0 because this is the region of significant ρ and would be due to dead stars, planets, neutron stars and other normal baryonic matter debris. Each term within the series has z-dependence of e −kn|z| which causes the steep density fall-off profile as shown in Figure 2(b) . This fortifies the picture of a standard galactic disk-like shape as opposed to a halo sphere. From the evidence provided by rotation curves, there is no support for the widely accepted notion of massive halos of 15 Note that the J 1 (x) Bessel functions are 0 at x = 0 and oscillate with decreasing amplitude, falling as 1/ √ x asymptotically [8] , as desired for merging with Keplerian behavior at infinity. Also, the present curves drop as r approaches 0. This is in contrast to the Mestel [2] and MOND [3] curves that are flat everywhere. (with Newtonian dynamics) by Kent [9] of 15.1 × 10 10 M ⊙ . While the visible light profile terminates at r = 14 Kpc, the HI profile extends to 30 Kpc. If the density is integrated to 14 Kpc, it yields a mass-to-light ratio of 7Υ ⊙ . However, integrating through the HI outer region to r = 30 Kpc yields 14Υ ⊙ using data from [10] .
For NGC 7331, we calculate a mass of 26.0 × 10 10 M ⊙ . Kent [9] finds a value of 43.3 × 10 10 M ⊙ . For NGC 3031, the mass is calculated to be 10.9 × 10 10 M ⊙ as compared to Kent's value of 13.3 × 10 10 M ⊙ . Our masses are consistently lower than the masses projected by models invoking dark matter halos and our distributions roughly tend to follow the contours of the optical disks.
NGC 3198 log10(density) at z=0 It is interesting to note that from the figures provided by Kent [9] for optical intensity curves and our log density profiles for NGC 3031, NGC 3198 and NGC 7331, we determine that the threshold for the onset of visible galactic light is at 10 −21.75 kg·m −3 ( Figure   6 and Figure 7 ). It would be of interest to explore as many sources as possible to test the indicated hypothesis that this density is the universal optical luminosity threshold for galaxies. Alternatively, should this hypothesis be further substantiated, the radius at which the optical luminosity fall-off occurs can be predicted for other sources using this special density parameter. The predicted optical luminosity fall-off for the Milky Way is at a radius of 19-21 Kpc based upon the density threshold that we have determined.
Various authors attempt to incorporate the Tully-Fisher law [14] into their modified theories of gravity. General relativity can provide an equivalent albeit considerably more complicated relation but in integral form. From (11) and (15), the radial gradient of the galactic mass can be expressed in terms of velocity as
and a doubling has been used to account for the lower disk contribution.
Concluding Comments
One might be inclined to question how this large departure from the Newtonian picture regarding galactic rotation curves could have arisen since the planetary motion problem is also a gravitationally bound system and the deviations there using general relativity are so small. The reason is that the two problems are very different: in the planetary problem, the source of gravity is the sun and the planets are treated as test particles in this field (apart from contributing minor perturbations when necessary). They respond to the field of the sun but they do not contribute to the field. By contrast, in the galaxy problem, the source of the field is the combined rotating mass of all of the freelygravitating elements themselves that compose the galaxy.
We have seen that the non-linearity for the computation of density inherent in the Einstein field equations for a stationary axially-symmetric pressure-free mass distribution, even in the case of weak fields, leads to the correct galactic velocity curves as opposed to the incorrect curves that had been derived on the basis of Newtonian gravitational theory. Indeed the results were consistent with the observations of velocity as a function of radius plotted as a rise followed by an essentially flat extended region and no halo of exotic dark matter was required to achieve them. The density distribution that is revealed thereby is one of a concentrated mass-density disk, in support of the "maximum disk" ( see [11] and references therein) models but without an accompanying extended dark matter halo. With the "dark" matter concentrated in the disk which is itself visible, it is natural to regard the non-luminous material as normal baryonic matter.
It is unknown how far the galactic disks extend. More data points beyond those provided thus far by observational astronomers would enable us to extend the velocity curves further. Presumably a point (let us call it r f ) is reached where we can set ρ to zero. At this point, (2) no longer applies as there are no longer co-rotating fluid elements being tracked. As a result, (9) no longer applies and the w function is no longer constant.
Beyond r f , no further mass is accumulated. If we suppose that this is the case at the Table 4 : Curve-fitted coefficients for NGC 7331
